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1.propositional atoms is wff in language...
2.If Pwff in language..., then so is-P
3.I1f P,Q WFFS in language.. then so
4.Nothing is WWF in language.... unless ...

v(=P) =1-v(P),v((PAQ)) =min{v(P),v(Q)},v((P A Q)) = max{v(P),v(Q)}
v((P = Q)) =max{l-v(P),v(Q)},v((P < Q)) =1-[v(P) - v(Q)|

WFFS inductively.

Logic def. by structure (V,D,{f. : ¢ € C). Vset of truth values, D ¢ Vdesig. val-
ues, Cset of connectives, Vc € C truth function f.: V* -V

Example: propositional logic: V = {0,1},D = {1},C = {A, Vv, -, 2}, s0 fa(z,y) = min(z,y), fu(z,y) =
max(x,y), f_\(l') =1- z, fD(x>y) = maX(l - xay)

Note:w(c(Ay, ..., An)) = fe(v(A1),...,v(An)).

Y Eiff (everyvs.t.v(B) e Dfor all B € ¥, thenv(A) € D)

1. 11 1 0] [ATT 1T O] [ATT 1 O
Tjo] 11 10|11 11 1[1 1,0 0
il iliio0 i1 i i1 il i
ol1llolo ool |of1io0 |01 1 1

If the entry in the table does not have the colour corresponding to the name, then
you have to take the black value.

Kleene, V = {0,4,1},D = {1} and LP, C = {0,4,1},D = {i, 1}
Lukasiewicz, L3, V ={0,i,1},D = {1}
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Tableux rules for prop connectives:
Remember that A > Bimplies-Aor B.
A = Bimplies both A, Bor both-A,-B.
complete: every rule that can be applied has been applied.
Prop. language. Branch is closed, if for some A, both A, =A occur on its nodes.

4 valued logic (FDE):

gpl: means qrelated to true, ¢p0, means g related to false.

(A A B)pliff Apl&Bpl,(A A B)p0iff Ap0or,Bp0.

(Av B)pliff Aplor Bpl, (Av B)p0iff Ap& Bp0.

(=A)pliff Ap0, and (-A)p0iff Apl.

Semantic tableaux immediately follows, Morgan’s law can be applied.
Branch of tableaux is closed, if both A, +and A, — for some formula A.
To test Ay, ..., A, Frpg B, we start with A;, +and B, —.
Countermodel: For atoms p, if branch contains p, + set ppl. If branch contains —p, + set pp0.
No other facts about p obtained.

K3 Closed: Contains both A, + and - A, +

LP Closed: Contains both A, +and A, -

For 1.3 and RM3 we will get the rules the FDE tabels for o.

Fuzzy logic: V =[0,1], with f_(z) =1 -z, f,(z,y) = min(x,y)
fu(z,y) = max(z,y) and f_(z,y) =min(1,1 -z +y)
D =[e,1]then ¥ E Aiff (for allv, ifv(B) > efor all ,B € X, thenv(A) > o)
e =1, and therefore D = {1} then we have Ly
O necessity, ¢ ,possibility.
Language:
1. Each propositional atom is WFF
2. Ais WFF of L, then so are ~A,0A4,0A
3. A, Bwif of L, then so are (AA B),(Av B),(A>B),(A=B)

4. Nothing is wif of L, unless combination of above.

World W, noenmpty, worlds mentioned. Rc W x Wandv: (W x P) - {0,1}

Uw(p) = 1 means pis true at world w.
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Extra rules:
v (0A) = 1iff (there is a world w’ € W such that wRw’ and v, (A) = 1).
v, (OA) = 1iff (for every world w’ € W such that wRw’ it holds that v, (A) =1.)

Y e Aiff
(for all models (W, R,v)and allw € W: ifv,(B) =1, for all B € ¥, thenv,,(A) = 1)

Tableau rules same. Extra:

ﬂDA,Z. —|<>A,Z. DA’.Z <>A,i
J J iy l

. . l ) iy

oAl 0-A, 4 A g A

Branch closed if A,7and -A,7both occur on branch for same .

Countermodel:

W = {w;|ion branch}, R = {{w;, w;)|irj occurs on branch}

For propositional atoms p,so if p,ioccurs on branch,thenv,, (p) = 1. If -p,ioccurs on
branch, then vy, (p) = 0. Otherwise you can choose v, (p) arbitrarily.

pmeans Rreflexive, iff for allw € W, wRw.

o means R symmetric iff for allwy, we € W (If wy Rw,y, then we Rw; )

7 means R transitive, iff for all wy, we, ws € W (if wy Rwsq, wo Rws, then wy Rws)
nmeans R extendable, iff for allw, € W, there iswy € W s.t. wy Rws.

Note thatn, 7,0 = p

v means R universal, iff w; Rws for all wq,wy € W.

¢ :means R forward convergent iff for all z,w,y € W, ifzRy and Rz, then (zRyory =
zoryRz).

S :means R backward convergent iff for allz,w,y € W, ifyRx,zRxthen (zRyory =
zoryRz).

0 :means Ris dense, iff for allw, z € W (ifwRz then there isy e Ws.t. wRy and y Rz)
K

por 18 called S5, so reflexive, symmetric and transitive.

2A 2023-2024 Page 3



Advanced Logic, Summary, University of Groningen H.M. (Lenie) Goossens

Tense logic:
[..]Aat all.. times A, (..)Aat some ... times A.
So if .. = P, then earlier times, .. = F', future times.
v ([P]A) = 1iff for allw’s.t. w' Rw, v,y (A) = 1
v ([F]A) = 1iff for allw’s.t. wRw' v, (A) = 1
v ((P)A) = 1iff for some w’s.t. w' Rw, v,y (A) = 1
v ((F)A) = 1iff for somew’s.t. wRw', v,y (A) = 1.

[FYA pya S[F1A ~(F)A
) l

J . iy J . l .

A,j Aj (F)-A,i [F]-A,i

If we replace F'by P, and replaceirj by jri, then we have all rules.
[..],apply to all on branch, (..) apply to new on branch.

v arbitrary, b branch of tableau. v faithful tob, iff every formula D, that occurs on b, v(D) =
1

If v faithful tob,tableau rule applied tob, thenwv faithful to at least 1 of generated
branches.

bbranch vinduced by b, if for every p, we have if pon branch, then v(p) = 1, if-pon
branch thenv(p) = 0. Otherwise arbitrary.

If b complete, result also holds for D, instead of p.

I = (W, R,v)and bany branch. Then I faithful tobif there is f : Nyg - W s.t.

e For every node D, I onb, we have Dis true at world f(i)in I
e Ifirjonb, then f(i)Rf(j)in I

So we say f shows [ faithful tob.

I faithful tob, tableau rule applied tob, then at least 1 extension ofb, call it b’ also
satisfy [ faithful to b’

I = (W, R,v)induced by biff:

e W ={w;:ioccurs onb}
e wrw; iffirj occurs onb.
e p,ionb, thenv,,(p) =1, if =p,ionb, thenv,, (p) = 0. Other. arbit.

bopen complete, I = (W, R,v)induced by b. Then for all D, for allifollowing holds:
D,ionb, thenv,, (D) =1, if-D,ionbthenv,, (D) = 0.
vw(Pay...a,) =1iff(v(ay),...,v(a,)) € v, (P).
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vw(3xA) = 1iff for somed € D, v, (A (kg)) =1

vp(VzA) = 1iff for alld € D, v, (A (kq)) =1

A, (kg)is formula by substituting k, for each free occurence of zin A, where k, is con-
stant s.t. v(ky) = d.

First-order version: CK.
Y E Aiff for everyl = (D,W,R,v), and allw ¢ W: ifv,(B) = lfor allB € X,
then v, (A) = 1.

-dzxA,i  VxAi VzA,i dzA,i

J . J : A.(a),i A(c),i
Vo4, Ar-4, old aoth. new new ¢
Variable domain version K, called V K.
I=(D,W,R,v),D #0 (domain of quant.), W+ @ RSW x W
v(w) € D,v(c) € D,v,(P) € D", v,(€) = D,,.

U (FzA) = 1iff for somed € Dy, v, (Az(kq)) =1

Vw(VzA) = 1iff for alld € Dy, v, (Az(kg)) =1

vp(€a) = liffv(a) € D,,.

Y e Aiff for everyl = (D, W, R,v), and everyw € W: (Ifv,(B) = 1, for all B ¢
Y thenwv,(A) =1).

VA, dzA, i
-Ca,i Ag(a),i ¢c,i
A(c),i

Syntax d= “’wl;"’w” where pre(0) = ¢, just(0) = {11, ...,¥n},cons(d) = x.
= (50, 51, .. ) with 50, (51, ... € D,S.t. for aHZ,j : 5l-—|(5j ifi + 7.

e In(IT) = Th(M) with M = W u {cons(9)|d € IT}

d applicable to S, if pre(d) € S, and —i); ¢ S, for allv); € just(9)

ITis called proces of T', iff §; app. toIn(II[k]) for every ks.t. oy, € IT

[T closed if you can not apply any d, anymore.

Out(IT) = {=¥|There is¢ € [Is.t. ¢ € just(d) }
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o IIsuccessful if In(IT) n Out(Il) = @. Otherwise failed.

Set formula F, is extension to default T, fif there si some closed and successful process
of T's.t. E = In(II).

(W, D)piff pin all extensions of (W, d)
(W, D)p.iff pin at least one extension of (W, D).
If T"has no extensions, then (W, D)} o for every ¢, and (W, D). ¢ for no formula .
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